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THE ANNOYING NULL BOUNDARIES
PIOTR T. CHRUS´CIEL AND PAUL KLINGER
Abstract. We consider a class of globally hyperbolic space-times with “ex-
panding singularities”. Under suitable assumptions we show that no C0-
extensions across a compact boundary exist, while the boundary must be null
wherever differentiable (which is almost everywhere) in the non-compact case.
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1. Introduction
One of the major open questions in mathematical general relativity is the behav-
ior of globally hyperbolic space-times when singular boundaries are approached. In
particular the question of extendibility of the metric across such boundaries lies at
the heart of the “cosmic censorship conjecture” [1], compare [2, 3].
In a recent important paper, Sbierski [4] has established C0-inextendibility of
the Kruskal-Szekeres extension of the Schwarzschild metric. His proof makes uses
of the SO(2)× R symmetry of the metric, which renders the argument unsuitable
in situations where no isometries exist. (See also [5].)
It is of interest to enquire whether Sbierski’s analysis can be adapted to more
general spacetimes of interest, without isometries. The object of this note is to
point out a class of space-times where C0-extendibility can only happen across null
boundaries, if at all. Indeed, let us consider a globally hyperbolic space-time with
a differentiable Cauchy time function t covering (0,∞); we will be interested in
possible extensions of M towards the past, see Definition 2.3 below. The function
t determines a topological splitting M = (0,∞)×S , where the slices {τ}×S are
the level sets of t; here one travels from a slice {t1} ×S to {t2} ×S by following
the integral curves of ∇t.
Preprint UWThPh-2017-36.
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2 P.T. CHRUS´CIEL AND P. KLINGER
Definition 1.1. We shall say that a globally hyperbolic space-time (M, g), with a
time function t as just described, contains a globally expanding singularity towards
the past if for every open set A ⊂ S there exists a sequence ti decreasing to zero
such that the (Riemannian) diameter of {ti} ×A within {ti} ×S tends to infinity
as ti → 0.
As discussed in more detail in Section 6 below, the space-times constructed
in [6,7], as well as Gowdy, and various other “Asymptotically Velocity Term Dom-
inated” (AVTD) spacetimes obtained via Fuchsian methods are of this type, and
the theorems below apply.
All the boundaries that we consider in this work will be achronal, hence differen-
tiable almost everywhere by standard arguments (cf. the beginning of Section 4).
We have:
Theorem 1.2. Suppose that (M, g) contains a globally expanding singularity to-
wards the past. Then in every continuous past extension of M the boundary of ∂M
is null at all its differentiability points.
Theorem 1.2 is an immediate consequence of Theorem 3.1 below, which is proved
under a condition weaker, but somewhat more involved, than that of Definition 1.1.
As such, it also holds:
Proposition 1.3. Under the hypotheses of Theorem 3.1, every spacelike hypersur-
face in the extension which intersects the boundary ∂ι(M) of the image ι(M) also
intersects ι(M) itself.
Some further results in the same spirit concerning general extensions are also
established, see Theorems 3.3 and 3.5 below.
We suspect that null extensions cannot occur either under the hypotheses above,
and thus such space-times are inextendible, but we have not been able to establish
this in general. However we have:
Proposition 1.4. Under the hypotheses of Theorem 1.2, (M, g) has no extensions
with a continuous metric and a compact boundary.
The proof of Proposition 1.4 can be found in Section 5.
Recall that electrovacuum space-times with compact Cauchy horizons have been
studied in [8, 9], and that, in space-times in which the metric is C3-extendible [10,
11], for such metrics compactness of the horizon implies its differentiability. We
emphasise that our arguments do not need such results.
It should be recognised that our definition of expanding space-times is tied to
the choice of a time-function t, and large deformations of a good time function, if
one exists, will not preserve the condition. In particular it might be very difficult
to determine whether or not a given space-time, presented in a coordinate system
where the conditions of Definition 1.1 are not met, admits a time-function which
will satisfy the conditions. But our results here give some geometric meaning to
the notion: space-times extendible through a compact Cauchy horizon, or past-
extendible through a spacelike boundary, will not be expanding in the sense of
Definition 1.1 no matter what time function is used.
2. Conventions and definitions
We use the standard definition of the Riemannian diameter of a set A in the set
B ⊇ A, where both A and B are subsets of a Riemannian manifold (M, g)
(2.1) diam(A,B) := sup
x,y∈A
inf
γ:[0,1]→B
γ(0)=x , γ(1)=y
∫ 1
0
|γ˙(s)|gds .
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q
p
t = ti
t = tL
I−(q,M) ∩ {t = ti}
I−(p,M) ∩ {t = ti}
Figure 2.1. An illustration of the definition of an expanding singularity.
Our remaining definitions follow Sbierski [4], in particular:
Definition 2.1. A C0-extension of a spacetime (M, g), where M is a smooth
manifold and g a Lorentzian metric, is a spacetime (M˜, g˜) of the same dimension,
with M˜ again a smooth manifold and g˜ a continuous Lorentzian metric, together
with an isometric embedding ι : M → M˜ such that ι(M) is a proper subset of M˜ .
The timelike futures and pasts I± will be defined using piecewise smooth timelike
curves in both M and M˜ .
We define the future/past boundary of a spacetime as in [12], namely:
Definition 2.2. The future, respectively past, boundary of M , denoted ∂+ι(M),
respectively ∂−ι(M), is the set of points p ∈ ∂ι(M) such that there exists a fu-
ture/past directed timelike curve γ : [0, 1]→ M˜ with γ([0, 1)) ⊂ ι(M) and γ(1) = p.
Definition 2.3. An extension will be called past, respectively future, if ∂+ι(M) =
∅, respectively ∂−ι(M) = ∅.
We will also need a definition closely related to, but somewhat weaker than
Definition 1.1:
Definition 2.4. We shall say that a globally hyperbolic space-time (M, g) contains
an expanding singularity towards the past if there exists a time function t ranging
over (0,∞) and a real number tL > 0 such that for all pairs of points p ∈ {t <
tL} and q ∈ I−(p,M) there exists a sequence ti decreasing to zero such that the
diameter of I−(q,M) ∩ {t = ti} in I−(p,M) ∩ {t = ti} tends to infinity as ti → 0.
This is illustrated in Figure 2.1.
Remark 2.5. We note that a globally expanding singularity in the sense of Defi-
nition 1.1 is expanding in the sense of Definition 2.4. For this, let us identify the
spacetime M with R×S by flowing along the gradient ∇t of t. For a subset Ω of
S set Ω(t) = {t} × Ω, and let
Ωi(ti) := I
−(q,M) ∩ {t = ti} .
We then have, for j > i,
Ωi(tj) ⊆ I−(q,M) ∩ {t = tj} ≡ Ωj(tj) .
By its definition, given in (2.1), the diameter appearing in Definition 2.4, namely
diam(Ωi(ti), I
−(p,M) ∩ {t = ti}) ,
is bounded from below by the diameter of Ωi(ti) in the whole level set, diam(Ωi(ti), {t =
ti}). By Definition 1.1 of a globally expanding singularity the diameter of Ω0(ti) in
{t = ti} diverges as ti tends to zero, and the inclusion Ω0(ti) ⊂ Ωi(ti) proves the
claim.
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γ
S
W
Figure 3.1. The set W appearing in the second condition of The-
orem 3.5.
3. Nonexistence of spacelike boundaries
We have the following result, which immediately implies Theorem 1.2:
Theorem 3.1. Suppose that (M, g) contains an expanding singularity towards the
past. Then in every continuous past extension of M the boundary ∂M is null
wherever differentiable.
The following proposition gives some more information about extensions in the
current context:
Proposition 3.2. Under the hypotheses of Theorem 3.1, every spacelike hypersur-
face in the extension which intersects ∂−ι(M) also intersects ι({t < tL}) ⊆ ι(M).
For a general extension (i.e. where ∂+ι(M) might be non-empty) we have:
Theorem 3.3. Suppose that (M, g) contains an expanding singularity towards the
past. If the Cauchy hypersurface S is compact then the past boundary ∂−ι(M) of
M in every extension is null wherever differentiable.
Proposition 3.4. Under the hypotheses of Theorem 3.3, every spacelike hypersur-
face in the extension which intersects ∂−ι(M) also intersects ι({t < tL}) ⊆ ι(M).
Under weaker conditions on S we obtain a similar but more involved result:
Theorem 3.5. Suppose that (M, g) contains an expanding singularity towards the
past. If either
• there exist constants tC > 0, C > 0 such that for all timelike curves γ in M
the intersection I+(γ,M) ∩ {t = tC} has diameter less than C,
• or for all timelike curves γ ⊂M the intersection
W := I+(I−(I+(γ, I−(S ,M)),M),M) ∩S
(compare Figure 3.1) is precompact.
Then:
• every spacelike hypersurface in the extension which intersects ∂−ι(M) also
intersects ι({t < tL}) ⊆ ι(M)
• and for every point p ∈ ∂−ι(M) there exists a neighborhood O˜ ⊆ M˜ of p
such that the hypersurface
(3.1) {q ∈ ∂−ι(M) ∩ O˜ | I+(q, O˜) ∩ ∂−ι(M) = ∅} ,
which will be referred to as the futuremost part of ∂−ι(M) in O˜, is null
wherever it is differentiable.
Remark 3.6. The first condition in Theorem 3.5 implies the second one.
Figure 3.2 illustrates the difference between the futuremost part of ∂−ι(M),
which appears in the second consequence of Theorem 3.5, and ∂−ι(M) itself.
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O˜
ι(M) p
futuremost part of
∂ι(M) ∩ O˜
O˜
Figure 3.2. An example of a case where the futuremost part
of ∂−ι(M) in O˜ is not the same as ∂−ι(M) ∩ O˜. The picture
on the left shows the whole spacetime, with the extension given
by gluing the edges according to the arrows. The picture on the
right shows a neighborhood O˜ of the point p ∈ ∂−(M). Here
∂−ι(M) = ∂+ι(M) = ∂ι(M) and there is no neighborhood O˜ of p
such that ∂ι(M) ∩ O˜ is achronal. The futuremost part, however,
is achronal.
4. Achronality of boundaries
In order to prove the results above, we start by showing that the relevant sets are
achronal. As such, achronal sets are locally Lipschitz continuous (for every point
we can find a coordinate neighborhood on which the metric is close to Minkowski,
which provides a Lipschitz bound) and therefore differentiable almost everywhere
by Rademacher’s theorem. By achronality they are null or spacelike wherever
differentiable. To finish the proofs we will need to rule out spacelike tangent planes;
this will be done in the next section.
We have:
Lemma 4.1. The boundary of a future or past extension is an achronal topological
hypersurface.
Proof. We assume a past extension. For a future extension, replace I± with I∓
in the following.
Achronality of ∂ι(M) is equivalent to I+(∂ι(M), M˜)∩∂ι(M) = ∅. We first show
that
I+(∂ι(M), M˜) ⊆ I+(ι(M), M˜) .
Indeed, for every point p ∈ I+(∂ι(M), M˜) there is q ∈ ∂ι(M) such that p ∈
I+(q, M˜). Therefore q ∈ I−(p, M˜) and, because I− is open and q lies on the
boundary of ι(M), there is a point ι(M) 3 r ∈ I−(p, M˜). This implies p ∈ I+(r, M˜),
which proves the claim.
As M˜ is a past extension, no future directed timelike curve leaves M , i.e.
I+(r, M˜) ⊆ ι(M) ∀r ∈ ι(M), and therefore
I+(∂ι(M), M˜) ⊆ ι(M) ⊆ M˜ \ ∂ι(M)
which implies that ∂ι(M) is achronal.
To show that it is a topological hypersurface we need to show ∂ι(M)∩edge(∂ι(M)) =
∅ (see [13, Section 14, Lemma 25], and note that the proof there does not use dif-
ferentiability of the metric). We consider a point p ∈ ∂ι(M). By the above,
I+(p, M˜) ⊆ ι(M) and, as ∂+(ι(M)) = ∅, I−(p, M˜) ⊂ M˜ \ ι(M). Therefore every
(past directed) timelike curve from I+(p, M˜) to I−(p, M˜) has to cross ∂−(M) ⊆
∂ι(M) and so p /∈ edge(∂ι(M)). 
Remark 4.2. A very similar result was shown by Galloway and Ling [12, Theorem
2.6].
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Next we show that every point on an achronal boundary is the limit of a timelike
curve in ι(M). For a general boundary this is only true for at least one point [4,
Lemma 2.17].
Lemma 4.3. Given a point p ∈ ∂ι(M) and a neighborhood p ∈ O˜ ⊂ M˜ such that
∂ι(M)∩ O˜ is achronal in O˜ then p is the end point of a differentiable timelike curve
in M , i.e. there exists a differentiable timelike curve σ : [−1, 0] → M˜ such that
σ([−1, 0)) ⊂ ι(M) and σ(0) = p.
Proof. The curve σ might be future- or past-directed, we consider both cases here.
We choose coordinates (xα) ∈ (−δ, δ)× (−, )d on O˜ such that p = (0, . . . , 0), the
metric is close to Minkowski and the sets {± 1920δ}×(−, )d are contained in I±(p, O˜)
(by choosing O˜ smaller if necessary).
For every x ∈ (−, )d there is at most one t ∈ (−δ, δ) such that (t, x) ∈ ∂ι(M):
If there were more than one then they could be connected by a (vertical) timelike
curve, contradicting achronality.
As p is a boundary point there is a point O˜ 3 q ∈ ι(M). It can be connected by
a vertical curve which does not cross ∂ι(M) to one of {± 1920δ}× (−, )d. Therefore
the differentiable timelike curve σ : (0, 1920δ)→ O˜, σ(s) = (±s, 0, . . . , 0) lies in ι(M),
as it can be connected to q by a curve which does not cross the boundary. 
Remark 4.4. Lemma 4.1 and Lemma 4.3 together imply that if ∂+ι(M) = ∅ then
∂ι(M) = ∂−ι(M), with a similar statement obtained by reversing time-orientation.
In order to prove Theorems 3.3 and 3.5 we will need the following two Lemmas.
Lemma 4.5. We consider a globally hyperbolic spacetime (M, g) and a C0-extension
(M˜, g˜) with embedding ι : M → M˜ . If there exists a spacelike Cauchy hypersurface
S ⊂M such that for all timelike curves γ ⊂M the set
W := I+(I−(I+(γ, I−(S ,M)),M),M) ∩S
is precompact in M , then for any p ∈ ∂−ι(M) there exists a neighborhood O˜ of
p such that the futuremost part of ∂−ι(M) in O˜, {q ∈ ∂−ι(M) ∩ O˜ | I+(q, O˜) ∩
∂−ι(M) = ∅}, is a non-empty achronal topological hypersurface.
Recall that the set W is shown in Figure 3.1.
Remark 4.6. A simple condition that gives a precompact W is an upper bound
for the diameter of I+(γ,M) ∩S which is uniform with respect to γ.
Proof. Let p ∈ ∂−ι(M) be a point on the past boundary, γ the timelike curve
approaching it, and S the spacelike Cauchy hypersurface as in the Lemma. As
W¯ (closure in M) is compact we can choose a neighborhood O˜ of p such that O˜ ∩
ι(W¯ ) = ∅. Choosing a smaller neighborhood if necessary we introduce coordinates
(xα) ∈ (−δ, δ) × (−, )d such that the metric is close to Minkowski, γ˙ = ∂x0 and
{± 1920δ} × (−, )d ⊆ I±(p, O˜).
We consider the straight (in coordinates) timelike curves σx : (−δ, 1920δ] →
O˜, s 7→ (s, x) where x ∈ (−, )d. These end in ι(M) by the construction of
the coordinates. We define
b(x) = inf{s ∈ (−δ, 19
20
δ] | ∀s′ > s, σx(s′) ⊂ ι(M)}
and show that b(x) > −δ, i.e. that the σx intersect ∂−ι(M) at least once, at
σx(b(x)), and that
σx(b(x)) ∈ O˜ \ (I+(p, O˜) ∪ I−(p, O˜)) .
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As S is a Cauchy hypersurface and by the definition of W , the future in O˜ of
any point in Iγ ∩ O˜, where
Iγ := ι(I
−(I+(γ,M) ∩ I−(S ,M),M)) ,
has to be contained in ι(M). In particular, as the future of a point is the future of
any past directed curve ending at that point and γ∩O˜ ⊂ Iγ , I+(p, O˜) = I+(γ, O˜) ⊂
ι(M) and therefore
σx(b(x)) /∈ I+(p, O˜) .
We now have to show that b(x) > −δ and σx(b(x)) /∈ I−(p, O˜). If we assume this
is false then there exists s− ∈ (b(x), 1920δ) such that σx(s−) ∈ I−(p, O˜). But we also
have σx(s
−) ⊂ Iγ : The end point σx( 1920δ) of σx is contained in { 1920δ} × (−, )d ⊆
I+(p, O˜) = I+(γ, O˜), and therefore σx((b(x),
19
20δ]) ⊂ Iγ . Now, as σx(s−) ⊂ Iγ and
p ∈ I+(σx(s−), O˜), we have p ∈ ι(M) by the argument in the previous paragraph,
which is a contradiction.
Repeating the argument with p replaced by σx(b(x)) for all x ∈ (−, )d shows
that the set {σx(b(x)) | x ∈ (−, )d} = {q ∈ ∂−ι(M) | I+(q, O˜) ∩ ∂−ι(M) = ∅} is
achronal in O˜. It is a topological hypersurface as p can’t be an edge point by the
properties of b(x). 
Under the stronger assumption that the Cauchy hypersurface S is compact, we
obtain the following simpler result.
Lemma 4.7. We consider a globally hyperbolic spacetime (M, g) and a C0-extension
(M˜, g˜) with embedding ι : M → M˜ . If there exists a compact spacelike Cauchy
hypersurface of M then ∂−ι(M) is a locally achronal topological hypersurface.
Proof. Let S be the compact spacelike Cauchy hypersurface. As any subset of a
compact set is precompact by definition, Lemma 4.5 applies. What remains to be
shown is that the set {q ∈ ∂−ι(M)∩ O˜ | I+(q, O˜)∩∂−ι(M) = ∅} is actually the full
∂−ι(M) ∩ O˜, i.e. that there are no additional points in ∂−ι(M) below it.
We choose a neighborhood O˜ and coordinates as in the proof of Lemma 4.5, but
with O˜ ∩S = ∅. Now the future in O˜ of any point q ∈ ∂−ι(M) ∩ O˜ lies in ι(M).
If there was a point q ∈ ∂−ι(M)∩ O˜ such that ∂−ι(M) 3 p ∈ I+(q, O˜)∩∂−ι(M)
then p would lie in ι(M). 
5. Proofs of the main theorems
The proofs depend on the following Lemma, which is a slight variation of a result
of Sbierski [14]. We use his notation for the sets
C−a := {0 6= X ∈ Rd+1|
< X, e0 >Rd+1
|X|Rd+1
< −a} ,
where 0 < a < 1, < ., . >Rd+1 is the Euclidean scalar product in Rd+1 and |.|Rd+1 is
the Euclidean norm. The C−a are cones of vectors with angle less than cos
−1(a) to
the x0 axis with the tip of the cone pointing up.
Lemma 5.1. We consider a spacetime (M, g) with extension (M˜, g˜). Given a neigh-
borhood O˜ of a point on the boundary of ι(M), a point p ∈ O˜ ∩ ι(M) and a chart
ψ˜ : O˜ → (−δ, δ)× (−, )d such that
(1) ∂x0 is timelike,
(2) |g˜αβ − ηαβ | < ν where η is the Minkowski metric and 1/2 > ν > 0 a
constant such that ∀a ∈ (−δ, δ)×(−, )d, ψ˜−1(a+C−5/6) ⊆ I−(ψ˜−1(a), O˜) ⊆
ψ˜−1(a+ C−5/8),
8 P.T. CHRUS´CIEL AND P. KLINGER
(3) ψ˜−1({x˜0 < − 110δ}) ⊆ M˜ \ I−(ψ˜−1({ 1920δ} × (−, )d), ι(M)),
(4) I−(p, ι(M)) ⊂ O˜,
(5) ψ˜−1({ 1920δ} × (−, )d) ⊆ ι(I+(p, O˜)),
there exist q ∈ I−(p, ι(M)) ∩ O˜ and a constant 0 < Cd < ∞ such that for all
Cauchy hypersurfaces S of M the distance in I−(p, ι(M))∩ ι(S ) of any two points
in I−(q, ι(M)) ∩ ι(S ) is bounded above by Cd.
Proof. We choose q ∈ I−(p, O˜) ∩ ι(M) such that
(ψ˜(q) + C−5/8) ∩ {x˜0 > −δ/10} ⊂ (ψ˜(p) + C−5/6) ∩ {x˜0 > −δ/10} ,
i.e. such that the past of q in M lies completely inside a (Euclidean) cone contained
in the past of p.
We assume q ∈ ι(I+(S ,M)), as otherwise I−(ι−1(q),M) ∩ S = ∅ and there
is nothing to show. By property (iii) of the chart ψ˜ there exists a function (−, )d →
(−δ, δ) , x 7→ Lx such that the timelike curves σx : (Lx, δ)→M,σx(s) = ι−1(ψ˜−1(s, x))
are past inextendible in M . As q lies in the past of p, property (v) holds for q as well.
This implies that the curves σx intersect I
+(S ,M) and therefore intersect S ex-
actly once, say at s = f(x). We take this as the definition of f : (−, )d → (−δ, δ).
We first show that f is smooth: As ψ˜(ι(S ) ∩ O˜) is a smooth submanifold,
there exists for every point (f(x0), x0) a neighborhood W and a smooth submersion
g : W → R such that ψ˜(ι(S )∩O˜)∩W = {g = 0}. AsS is a Cauchy hypersurface no
timelike vector can be tangent to it. Therefore ∂0g|(f(x0),x0) 6= 0 and by the implicit
function theorem there exists a smooth function h : (−, )d ⊇ V → (−δ, δ), where
V is a neighborhood of x0, such that g(h(x), x) = 0. Thus f |V = h and therefore f
is smooth.
The next step is to show that |∂if | is bounded by a positive constant in O˜ for
all i. As vectors tangent to S cannot be timelike we obtain the inequality
(5.1) 0 ≤ g˜((∂if)∂0 + ∂i, (∂if)∂0 + ∂i) = (∂if)2g˜00 + 2(∂if)g˜0i + g˜ii .
By property (ii), g˜00 < −1/2, g˜ii > 1/2, and g˜0i < 1/2 and therefore this inequality
is only satisfied for (∂if)− ≤ (∂if) ≤ (∂if)+ where (∂if)± are the values where
equality holds in (5.1), i.e.
(∂if)± =
−g˜0i ∓
√
(g˜0i)2 − g˜iig˜00
g˜00
.
Again using property (ii), we see that (∂if)±, and therefore also (∂if), are bounded
by a constant independent of f .
We define ω : (−, )d → (−δ, δ)× (−, )d, ω(x) = (f(x), x). This parameterizes
a smooth submanifold S˜ which is isometric to an open subset ofS inM by ι−1◦ψ˜−1.
We denote by g¯ the metric induced on S˜ by g˜. The components of g¯ are
g¯ij = g˜µν
∂ωµ
∂xi
∂ων
∂xj
= g˜00
∂f
∂xi
∂f
∂xj
+ g˜0j
∂f
∂xi
+ g˜i0
∂f
∂xj
+ g˜ij .
As |g˜µν | and ∂if are bounded by the above, we have |g¯ij | < Cg¯ for a positive
constant Cg¯.
We now consider two points r, s ∈ I−(q, ι(M)) ∩ ι(M) as in the lemma. As
I−(q,M) ⊂ O˜ there exist x, y ∈ (−, )d such that ω(x) = ψ˜(ι(r)) and ω(y) =
ψ˜(ι(s)). The length of the straight line σ : [0, 1]→ (−, )d, σ(`) = x+ `(y − x) is
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given by
L(σ) =
∫ 1
0
√
g¯(σ˙(`), σ˙(`)) d`
=
∫ 1
0
√√√√ d∑
i,j=1
(y
i
− xi)g¯ij(σ(`))(yj − xj) d`
≤
∫ 1
0
√√√√ d∑
i,j=1
2 · Cg¯ · 2 d`
=2d
√
Cg¯ .
As I−(q, ι(M))∩O˜ ⊂ ψ˜−1(ψ˜(p)+C−5/6) the curve σ is contained in I−(p,M)∩S .
As the distance in I−(p,M) ∩S between r and s is defined as the infimum over
the length of all piecewise smooth curves connecting them, and ι−1 ◦ ψ˜−1 ◦σ is one
such curve, this completes the proof. 
We are now ready to prove Theorem 3.1.
Proof of Theorem 3.1. By Lemma 4.1 the boundary ∂ι(M) of the extension is
achronal, hence differentiable almost everywhere, and by Lemma 4.3 we have for
every p∂ ∈ ∂ι(M) a timelike curve γ : [0, 1] → M˜ such that γ([0, 1)) ⊂ ι(M) and
γ(1) = p∂ .
We assume that ∂ι(M) is spacelike at a point p∂ at which it is differentiable and
establish a contradiction. We choose a neighborhood O˜ of p∂ such that t < tL in
O˜ ∩ ι(M), where tL is the constant appearing in the Definition 2.4 of expanding
singularity. This is possible as ∂ι(M) is achronal: In any neighborhood of p∂ , either
t < tL or {t = tL} is some achronal set lying above ∂ι(M) and we can find a smaller
neighborhood of p∂ which doesn’t intersect it.
We choose coordinates x˜i on O˜ such that x˜i(p∂) = 0, g˜(p∂) = η (where η is the
Minkowski metric) and |g˜(x)αβ − ηαβ | < ν for all x ∈ O˜ and ν such that condition
2 of Lemma 5.1 is satisfied.
We perform a Lorentz boost to transform the normal vector of ∂ι(M) at p∂ to
∂x0 and, by choosing a smaller neighborhood O˜ if necessary, ensure that ∂ι(M) is
almost horizontal, i.e. ∂ι(M)∩O˜ ⊂ {−δ/10 < x˜0 < +δ/10} and therefore condition
3 is satisfied.
We choose a point p ∈ O˜ ∩ ι(M) such that I−(p, ι(M)) ⊂ O˜, satisfying condi-
tion 4. Finally, by choosing a smaller neighborhood, we can satisfy the remaining
condition 5.
Applying Lemma 5.1 we obtain, for a point q ∈ I−(p, ι(M)) and for all Cauchy
hypersurfaces S , an upper bound for the distance in I−(p, ι(M)) ∩S of any two
points r, s ∈ I−(q,M) ∩S .
This is a contradiction to Definition 2.4 of expanding singularities. 
Proof of Proposition 3.2. To prove that there exists no spacelike hypersurface
Σp∂ ⊂ M˜ \ ι(M) such that p∂ ∈ Σp∂ we use the same argument, but choose
coordinates in O˜ such that Σp∂ instead of ∂ι(M) is almost horizontal. As Σp∂
is spacelike, the part of I−(p, M˜) lying above Σp∂ is entirely contained in O˜, we
denote it by IΣp∂ ,p. As any past directed curve from p has to cross Σp∂ before
leaving O˜ we have I−(p, ι(M)) ⊆ IΣp∂ ,p and therefore we obtain a contradiction as
before. 
The proofs of Theorems 3.3 and 3.5 proceed in a very similar way:
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Proof of Theorems 3.3 and 3.5. By Lemma 4.7 the conditions of Theorem 3.3
imply that ∂−ι(M) is a locally achronal topological hypersurface. Similarly, under
the conditions of Theorem 3.5, Lemma 4.5 implies that the “locally futuremost
part” of the past boundary ∂−ι(M) is achronal, i.e. for every p ∈ ∂−ι(M) there
exists a neighborhood U of p such that
{z ∈ ∂−ι(M) ∩ U | I+(z, U) ∩ ∂−ι(M) = ∅}
is an achronal topological hypersurface in U .
By the definition of ∂−ι(M) we have for every p ∈ ∂−ι(M) a timelike curve γ
ending at p. The proof now proceeds analogously to that of Theorem 3.1 with ∂ι(M)
replaced by ∂−ι(M) in the case of Theorem 3.3 and with the “locally futuremost
part” of ∂−ι(M) in the case of Theorem 3.5.
The argument excluding the existence of a spacelike hypersurface Σp∂ ⊂ M˜\ι(M)
such that p∂ ∈ Σp∂ follows the proof of Proposition 3.2, except that to guarantee
that I−(p, ι(M)) lies above Σp∂ we only need Σp∂ ∩ ι({t < tL}) = ∅ as t < tL in
I+(∂−ι(M), O˜). 
We pass now to the
Proof of Proposition 1.4. In contrast to the proofs above, if the boundary is
null we cannot use the pasts of points in M to identify subsets of Cauchy hy-
persurfaces in neighborhoods in M˜ with those in M . Instead we consider the
total diameter of the (compact) Cauchy hypersurface. We first need to ensure that
neighborhoods of the boundary contain the whole (embedded) Cauchy hypersurface
Ss := {t = s}, for s sufficiently small.
By the proof of Theorem 3.1 in [15] there exists a constant δ > 0 such that
for all 0 < s ≤ δ there is a map ψs : M˜ → M˜ , the flow of a continuous timelike
vector field on M˜ , such that ψs(∂ι(M)) = ι(Ss) and these are compact. In [15] it
is assumed that the extended manifold is at least C3, but this can be relaxed in
our case: The results of [15, Lemma 3.2] hold by our Lemma 4.1. Note that [15,
Lemma 2.1] and [15, Lemma 3.3] require only differentiabilty of the manifold, not
the metric. The rest of the proof takes place in (M, g) which is smooth in any case.
In addition, [15, Theorem 3.1] assumes that the boundary itself is C1 but this can
similarly be relaxed as long as the Cauchy hypersurfaces St are C1.
By Lemma 4.1 and Lemma 4.3 the boundary ∂ι(M) = ∂−ι(M) of the extension
is achronal. We choose for each point p ∈ ∂ι(M) an open neighborhood in M˜ and
coordinates such that the metric is close to Minkowski. As ∂ι(M) is compact we
can find a finite subcover {Oi}. For each i there exists a constant δi such that for
each p ∈ O¯i ∩ ∂ι(M) and all 0 < s ≤ δi, ψs(p) ∈ O¯i. As there are only finitely
many i we can set δmin = min{δi} and obtain Ss = ψs(∂ι(M)) ⊂
⋃
i O¯i for all
0 < s ≤ δmin.
The distance in S between any two points of a Cauchy hypersurface S is
bounded above in each Oi by a constant independent of S by a similar argu-
ment as in the proof of Lemma 5.1. As I+(∂ι(M), M˜) ⊂ ι(M) and the Cauchy
hypersurfaces St are achronal in M they can intersect Oi only once (i.e. ι(St)∩Oi
is connected), and therefore the total diameter of St is bounded. This contradicts
the Definition 1.1 of a globally expanding singularity. 
6. Examples
We will use the following Lemma to show that the examples below contain an
expanding singularity towards the past, as required by Theorem 3.1:
THE ANNOYING NULL BOUNDARIES 11
Lemma 6.1. We consider a globally hyperbolic spacetime (M, g) of dimension n+ 1
with a Cauchy time function t : M → (0,∞) such that M = (0,∞)×S . Suppose
that there exists tL > 0 such that the subset {t < tL} ⊂M can be covered by charts
of the form (0, tL)×U , for some open subset U ⊆ S , in which the metric takes the
form
g = g00(t, x)dt
2 + gij(t, x)dx
idxj , g00 < 0 ,
and satisfies
g11(t, x)
t→0−−−→∞ , gij(t, x) t→0−−−→ 0 for (i, j) 6= (1, 1) ,(6.1)
and either g1i = 0 for i 6= 1 or gmigmj
gmmgij
t→0−−−→ 0 for i, j < m(6.2)
uniformly on compact subsets in x. Assume moreover that either
• S is compact and {t < tL} is covered by a single chart as above,
• or for every p ∈ {t < tL} ⊂M there exists a chart as above which contains
I−(p,M) and a compact set Kp ⊂ S such that I−(p,M) ⊂ (0, tσ)×Kp.
Then (M, g) contains an expanding singularity towards the past.
Proof. We need to show that for every p ∈ {t < tL} and q ∈ I−(p,M) there exist
a sequence ti decreasing to zero such that the diameter of I
−(q,M) ∩ {t = ti} in
I−(p,M) ∩ {t = ti} tends to infinity as ti → 0.
If the second condition in (6.2) holds, we start by defining an orthonormal frame
{θm}, gijdxidxj = δijθiθj on each slice by
θm =
√
hmmm(dx
m +
m−1∑
i=1
hmmi
hmmm
dxi) ,
where
hm−1 = hm − (θm)2 and hnij := gij .
The tensor field hm−1 is positive definite on the subspace spanned by {∂1, . . . , ∂m−1}:
Indeed, if there were a vector X = X1∂1+. . . X
m−1∂m−1 such that hm−1(X,X) ≤ 0
then we could chooseXm so that θm(X+Xm∂m) = 0. Setting 0 6= Y := X+Xm∂m,
this gives hm−1(Y, Y ) = hm−1(X,X) ≤ 0 and hm(Y, Y ) = hm−1(X,X) ≤ 0, giving
a contradiction to the positive definiteness of g.
Writing hm−1 in terms of hm we obtain
hm−1 =
m−1∑
i,j=1
(
hmij −
hmmih
m
mj
hmmm
)
dxidxj .
One checks that hm−1ij /h
m
ij → 1 follows from (6.2), which further implies hmij/gij → 1
for i, j ≤ m. By construction we have θ1 = α(t, x)dx1, with α(t, x)/√g11(t, x)→ 1,
and with all convergences uniform on compact subsets.
We now choose k0 ∈ N and  > 0 such that the sequences of points
yk1 = (1/k, x
1(q)− , x2(q), . . . ) and yk2 = (1/k, x1(q) + , x2(q), . . . )
fulfill yk1 , y
k
2 ∈ I−(q,M) for all k ∈ {k0, k0 + 1, . . . }. The distance between yk1 and
yk2 , and therefore the diameter of I
−(q,M)∩ {t = 1/k}, in I−(p,M)∩ {t = 1/k} is
bounded from below by
d{1/k}×Kp(y
k
1 , y
k
2 ) = inf
σ
∫
−
√√√√ n∑
i=1
(θi(σ˙))2ds
≥ inf
σ
∫
−
√
(θ1(σ˙))2ds = inf
σ
∫
−
|α(t, x)σ˙1|ds ,
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where the infimum is taken over curves σ : [−, ] → {1/k} ×Kp (with Kp := S
in the case where S is compact), such that σ(−) = yk1 and σ() = yk2 . If the first
condition holds in (6.2) we obtain the same expression with α := g11.
We have
lim
k→∞
d{1/k}×Kp(y
k
1 , y
k
2 ) = lim
k→∞
inf
σ
+∫
−
|α(σ(s))σ˙1(s)|ds
> lim
k→∞
(
min
x∈Kp
α(1/k, x)
)
inf
σ
+∫
−
|σ˙1(s)|ds ,
where the minimum diverges by the uniform divergence of α on Kp and the integral
is independent of k and positive as
+∫
−
σ˙1(s)ds = 2. 
Remark 6.2. Lemma 6.1 directly generalizes to the case where the expanding
direction rotates within the t = const hypersurfaces. Indeed, let {tk} be a sequence
of times and {Xk} a sequence of associated expanding directions (constant in x
unit vectors w.r.t. the Euclidean metric δij) in each hypersurface Sk := {t = tk}.
A spatial rotation for each tk gives Xk = ∂x1 and the conditions on the metric are
as before in these adapted coordinates. This is relevant for the case of Bianchi IX
and BKL singularities discussed in Sections 6.4 and 6.5 below.
6.1. AVTD metrics without symmetries. These solutions, constructed in [6,7],
take the form
(6.3) ds2 = −e−2
∑3
a=1 β
a
dτ2 +
3∑
a=1
e−2β
aN aiN aj dxidxj ,
with βa and N ai , i, a ∈ {1, 2, 3}, depending on all coordinates τ , xi and behaving
asymptotically as
(6.4) βa = βa◦ + τp
a
◦ +O(e
−τν) and N ai = δai +O(e−2τ(p
i
◦−pa◦)) ,
with ν > 0. They are parameterized by freely prescribable analytic functions β2◦ , β
3
◦
and P 2◦ 1 depending on all space coordinates and two analytic functions p
2
◦ and p
3
◦
depending on all space coordinates which are free except for the inequalities
(6.5) 0 < p2◦ < (
√
2− 1)p3◦ .
The function P 2◦ 1 does not appear in the asymptotic expansion (6.4) but influences
lower order terms in the expansion of N ai .
The remaining exponent p1◦ is given by
(6.6) p1◦ = −
p2◦p
3
◦
p2◦ + p3◦
< 0 ,
i.e. x1 is the expanding direction.
The solutions approach a curvature singularity as τ →∞.
The construction of these spacetimes in [7] was done in a purely local manner,
regardless of the topology of the solutions. Here we will assume that the spatial
topology is compact.
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We replace the time coordinate τ with t = − log τ , giving, with the asymptotic
expansion (6.4) inserted,
ds2 =− t2σp◦−2e−2σβ◦ (1 +Oν)dt2
+
3∑
a=1
t2p
a
◦e−2β
a
◦ (1 +Oν)(δai +O(t
2(pi◦−pa◦)))(δaj +O(t
2(pj◦−pa◦)))dxidxj
(6.7)
where Oν = O(tν), σp◦ = p
1
◦ + p
2
◦ + p
3
◦, and σβ◦ = β
1
◦ + β
2
◦ + β
3
◦ . We see directly
that g11 → ∞ and gij → 0, satisfying (6.1). From (6.7) we find that the metric
component gij is of the same order as the faster decaying one of gii and gjj and
that gii/gjj → 0 for i > j. This implies that (6.2) is also satisfied, i.e. the solutions
are of the form required in Lemma 6.1.
6.2. T 3 Gowdy. The T 3 Gowdy spacetimes have metrics of the form
g = e(τ−λ)/2(−e−2τdτ2 + dθ2) + e−τ (ePdσ2 + 2ePQdσdδ + (ePQ2 + e−P )dδ2) ,
where λ, P and Q are functions of τ and θ and the singularity is approached as
τ → ∞. The τ = const slices are toroidal and therefore compact. Ringstro¨m
showed [16] that generic Gowdy spacetimes asymptotically behave as follows:
P (τ, θ) = va(θ)τ + φ(θ) + o(1), Q(t, θ) = q(θ) + o(1), λ = va(θ)
2τ + o(τ)
where 0 < va(θ) < 1 and the lower order terms converge uniformly. Therefore the
gθθ component of the metric diverges towards the singularity while all other space
components converge to zero. By redefining the time coordinate as t := − ln τ the
metric can be brought to the form required in Lemma 6.1: since the off-diagonal
components gθi vanish, so (6.2) is satisfied.
6.3. Further AVTD spacetimes. Using Fuchsian methods, asymptotically Kasner-
like spacetimes without symmetries have been constructed in the presence of various
matter fields and in vacuum (either for spacetime dimension higher than 10, or the
ones described in section 6.1 which exist for a restricted set of asymptotic data).
The constructions generally start by defining a reduced evolution system, the “ve-
locity term dominated” (VTD) or “Kasner-like” system, which does not include
spatial derivatives, and then using Fuchs-type theorems to show that solutions of
the full Einstein equations which approach these exist. These theorems guarantee
a convergence which is uniform on compact subsets, as required by Lemma 6.1.
Assuming that the spatial manifold is compact, the only things left to verify are
the conditions (6.1), (6.2)
In the case of stiff fluid or scalar field matter there is no expanding direction and
Lemma 6.1 does not apply [17,18].
In the case of ≥ 10 dimensional vacuum, there is at least one expanding direc-
tion [18]. These solutions can be constructed using the same approach as those in
section 6.1, leading to the same behavior of the N ai and therefore also satisfy (6.2).
Lemma 6.1 is applicable if the spatial manifold is compact.
There are various results on general (non-Gowdy) T 2 symmetric spacetimes, the
most general of which assumes the so-called “half-polarization” condition [19, 20].
These have one expanding direction, satisfy (6.2), and are spatially compact.
6.4. “Mixmaster” Bianchi IX spacetimes. The Bianchi models are homoge-
neous, but generically anisotropic, spacetimes, which are divided into types accord-
ing to the structure constants of their Killing vector fields.
As shown by Ringstro¨m [21], generic solutions of type IX have at least three α-
limit points on the “Kasner circle”, i.e. they approach at least three different Kasner
metrics arbitrarily closely as the singularity is approached. It is conjectured that
generic α-limit sets contain an infinite number of points on the Kasner circle, and
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that the dynamics approaches that of the discrete “Kasner map”, which shows
chaotic behavior [22]. One would naively expect to be able to choose a sequence
of times and directions as in Remark 6.2. However, it has been pointed out to us
by Hans Ringstro¨m (private communication) that this expectation is incorrect, and
that with some work one can infer from [21] that the space-diameter of the surfaces
of homogeneity in all Bianchi IX vacuum models approaches zero as the singularity
is approached.
6.5. Generic spacelike singularities in the context of the BKL conjecture.
The BKL conjecture states, roughly speaking, that generic spacelike singularities
behave at each spatial point as a “Mixmaster” Bianchi IX solution.
There are various heuristic arguments supporting this conjecture. Using the so-
called “cosmological billiards formalism”, as described in [23], the metric takes the
form (6.3), with the same behavior of the N ai as in (6.4), and with the βa(τ, x)
now not showing linear behavior in τ , but rather a sequence of approximately linear
phases (so-called Kasner epochs) connected by “bounces” off increasingly sharp
potential walls. The βa are expected to be unbounded towards the singularity
(τ →∞), but they might well be bounded from below, and therefore it is not clear
(and perhaps unlikely, given the Bianchi IX result mentioned above) whether one
can choose a sequence of times and directions as described in Remark 6.2.
It is expected that such solutions will develop particle horizons (this is sometimes
referred to as “asymptotic silence”) [24]. This would imply that the second option
in Lemma 6.1 is fulfilled, i.e. I−(p,M) ⊂ (0, tσ) × Kp for all points p sufficiently
close to the singularity and some compact set Kp. Whether or not this can be used
to infer that these spacetimes are C0 inextendible remains to be seen.
It should be emphasized that the arguments of [23] are heuristic.
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